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In 1919 Einstein tried to solve the problem of the structure of matter by assuming that the ele-
mentary particles are held together solely by gravitational forces. In addition, Einstein also assumed
the presence inside matter of electromagnetic interactions. Einstein showed that the cosmological
constant can be interpreted as an integration constant, and that the energy content of the Uni-
verse should consist of 25% gravitational energy, and 75% electromagnetic energy. In the present
paper we reinterpret Einstein’s elementary particle theory as a vector type dark energy model, by
assuming a gravitational action containing a linear combination of the Ricci scalar and the trace of
the matter energy-momentum tensor, as well as a massive self-interacting vector type dark energy
field, coupled with the matter current. Since in this model the matter energy-momentum tensor is
not conserved, we interpret these equations from the point of view of the thermodynamics of open
systems as describing matter creation from the gravitational field. In the vacuum case the model
admits a de Sitter type solution. The cosmological parameters, including Hubble function, decelera-
tion parameter, matter energy density are obtained as a function of the redshift by using analytical
and numerical techniques, and for different values of the model parameters. For all considered cases
the Universe experiences an accelerating expansion, ending with a de Sitter type evolution.
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I. INTRODUCTION
After proposing a static model of the Universe, based
on the introduction of the cosmological constant in the
gravitational field equations [1], Einstein tried to solve
the problem of the structure of the elementary parti-
cles [2]. Adopting the basic assumption that material
2particles are bound together only by the gravitational
force, depending on the metric tensor gµν and its deriva-
tives, Einstein considered that the mass-energy structure
of the elementary particles is described by an energy-
momentum tensor of the Maxwell type, Sµν , constructed
from the electromagnetic fields Fµν , which should be pro-
portional with a differential expression of second order
formed from the metric tensor coefficients (a linear com-
bination of the Ricci and metric tensors). Hence Einstein
proposed as the basic equation describing the properties
of elementary particles the equation [2]
Rµν + λ¯gµνR = κ
2Sµν , (1)
where λ¯ is a constant, and κ2 = 8πG/c4 is the gravita-
tional coupling constant. Since Sµµ = 0, λ¯ can be deter-
mined by taking the trace of Eq. (1) as λ¯ = −1/4, and
thus Einstein’s equation (1) becomes
Rµν − 1
4
gµνR = κ
2Sµν . (2)
Moreover, Einstein assumed that the electromagnetic
field satisfy Maxwell’s equations. Thus, by taking the
covariant derivative of Eq. (2) we obtain
1
4
∇µR = −κ
2
c
Fµνj
ν , (3)
where jν is the electric current. Eq. (3) shows that the
Coulomb repulsive forces are held in equilibrium by a
gravitational pressure, thus assuring the stability of ele-
mentary particles. In the vacuum outside the elementary
particle, and in the absence of charges, Eq. (3) gives
R = R0 = constant. (4)
At this moment Einstein did proceed to the determina-
tion of the matter energy-momentum tensor. He assumed
that the gravitational field equations containing the cos-
mological constant,
Rµν − 1
2
gµνR+ Λgµν = κ
2Tµν , (5)
also remain valid. For the free space, in the absence of
matter, Eq. (5) gives R = 4Λ, and by comparison with
Eq. (4), it follows that Λ = R0/4. This result represents
one of the main advantages of this approach, since it
shows that the cosmological constant may not be a char-
acteristic of the fundamental law of gravity, but an inte-
gration constant. Hence Eq. (5) becomes
Gµν +
R0
4
gµν = κ
2Tµν , (6)
giving
κ2T = (R0 −R) , (7)
while Eq. (2) can be reformulated as
Gµν +
1
4
Rgµν = κ
2Sµν . (8)
Comparison of the above equations shows that
Tµν = Sµν +
1
4κ2
(R0 −R) gµν . (9)
Einstein [2] interpreted the tensor Tµν as the energy-
momentum tensor of ”matter”. The ”matter” energy
density therefore consists of two parts, the first one orig-
inating from the electromagnetic field, while the sec-
ond one describes the gravitational contribution. From
Eq. (9) we obtain
Sµν = Tµν − 1
4
Tgµν, (10)
where T = T µµ , and hence the field equation (2) can be
reformulated as
Rµν − 1
4
gµνR = κ
2
(
Tµν − 1
4
Tgµν
)
. (11)
In the following we will call the field equations (11) the
geometry-matter symmetric Einstein equations. For a
dust Universe with T 00 = ρ, where ρ is the matter den-
sity, we have S00 = 3ρ/4, and S
i
i = −ρ/4, i = 1, 2, 3, re-
spectively. Hence Einstein’s elementary particle theory
made the remarkable prediction that the energy of the
Universe is 75% (3/4) electromagnetic, and 25% (1/4)
gravitational in its origin.
Einstein’s approach to the structure of the matter, did
attract very little attention [3, 4], even that it was some-
times briefly mentioned as a way to solve the cosmologi-
cal constant problem, by interpreting it as an integration
constant [5]. A theory in which the electromagnetic type
energy-momentum tensor in Eq. (1) is substituted by the
ordinary matter energy-momentum tensor, Sµν → Tµν ,
so that
Rµν + λ¯gµνR = κ
2Tµν , (12)
was proposed by Rastall [6]. In this theory the mat-
ter energy-momentum tensor is no longer conserved,
and ∇µT µν = λ∇νR, λ = constant. Hence Rastall’s
theory implies matter creation from the gravitational
field. Different physical aspects of the Rastall theory,
and its astrophysical and cosmological implications have
been investigated recently in [7–17]. However, in [18] it
was shown that the Rastall theory is just a particular
case of the f(R, T ) gravity theory [19], where T is the
trace of the energy-momentum tensor, a modified grav-
ity theory which is essentially based on a non-minimal
geometry-matter coupling, which was investigated in [20–
30]. Several other alternative gravitational theories in-
volving geometry-matter couplings have also been pro-
posed, and extensively investigated in the physical liter-
ature, like, for example, the f (R,Lm) modified gravity
theory, where Lm is the matter Lagrangian [31–34], the
Weyl-Cartan modified gravity theories [35, 36], hybrid
metric-Palatini f(R, R˜) gravity theory [37–39], where R˜
is the Ricci scalar formed from a connection indepen-
dent of the metric, the f(R, T,RµνT
µν) gravity theory
3[40, 41], or the f(T, T˜ ) gravity theory [42], in which a
coupling between the torsion scalar T˜ and the trace of
the matter energy-momentum tensor is introduced. For
a review of some modified gravity models and their cos-
mological implications see [43].
The dark energy problem is a fundamental problem in
present day theoretical physics. A large number of cos-
mological studies, which were initiated by the study of
the high redshift Type Ia Supernovae [44, 45], have con-
vincingly proven that the cosmological model according
to which the Universe should decelerate due to its own
gravitational attraction is not realized in nature. Cosmo-
logical observations have in fact convincingly shown that
sometimes in the past, at a redshift of around z ≈ 0.5,
the Universe did experience a smooth transition to a
de Sitter type accelerated expansionary phase [44–47].
To fully explain these unexpected observational results
a deep change in our understanding of the cosmological
evolution, and of its theoretical basis, Einstein’s theory
of general relativity, is necessary. Hence, in order to ex-
plain the present day observations in cosmology, and the
mysterious and puzzling large scale behavior of the Uni-
verse, many new interesting theoretical ideas and models
have been proposed recently, including loop quantum cos-
mology, bouncing cosmological models, string theoretical
approaches, or general scalar-tensor cosmological models
with up to second-order derivatives in the field equations
[48–52]. Presently, from both theoretical and observa-
tional points of view, there is an almost general consensus
in the scientific community, which we may call generally
as the ”standard paradigm of the recent cosmological ac-
celeration” [53–56]. According to this new paradigm, all
cosmological observations can be easily understood and
interpreted theoretically once we assume the existence of
a new and major component in the overall content of the
Universe, called dark energy [55, 56]. Hence, once the
non-evolving dark energy becomes the dominant compo-
nent in the Universe, it also begins to control its evo-
lutionary expansionary dynamics, thus determining the
smooth transition to the de Sitter type accelerated stage
that characterizes the late phases of the evolution of the
Universe [57]. Present day observations have also pro-
vided extremely powerful constraints on the important
cosmological parameter w = p/ρ, where p is the total
pressure and ρ is the total density of the Universe, which
provides detailed information on the temporal behavior
of the equation of state of the cosmological fluid [57]. The
analysis of the observational data on w show that it is
lying somewhere in the numerical range −1 ≤ w < −1/3
[58–62]. The type-Ia supernova observations, Cosmic Mi-
crowave Background, large-scale structure, Hubble mea-
surements, and baryon acoustic oscillations show that the
concordance cosmological constant model, with w = −1
is still safely consistent with these observational data at
the 68% confidence level [62]. Recent results, based on
full-mission Planck observations of temperature and po-
larization anisotropies of the Cosmic Microwave Back-
ground Radiation indicate, from the Planck temperature
and lensing data, that the matter density parameter of
the Universe is around Ωm ≈ 0.31, giving a dark energy
density parameter of the order of ΩΛ ≈ 0.70 [63].
There are a huge number of proposals to explain the
dark energy (see, for example, the reviews [53–56]). One
possibility is that dark energy consists of quintessence,
a slowly-varying, spatially inhomogeneous component of
the Universe [64]. The idea of quintessence can be im-
plemented theoretically by assuming that it is the energy
associated with a scalar field Q, having a non-zero self-
interaction potential V (Q). When the potential energy
density of the scalar field is greater than the kinetic one,
the pressure p = Q˙2/2 − V (Q) associated to the scalar
field Q-field is negative, thus leading to the possibility
of the existence of an accelerated expansionary phase.
Several cosmological models, based on the quintessence
idea, have been intensively investigated in the physical
literature (for a review see [65]).
The possible interaction between the dark energy
and the dark matter components of the Universe has
been considered within the framework of irreversible
thermodynamics of open systems with matter cre-
ation/annihilation in [66]. The possibility that the cos-
mological anisotropy may arise as an effect of the non-
comoving dark matter and dark energy has also been
investigated [67].
Dark energy models with nonstandard scalar fields,
such as phantom scalar fields and Galileons, which can
have bounce solutions and dark energy solutions with
w < −1 have also been considered as an explanation of
the late acceleration of the Universe [68–74]. For a review
of scalar field theories whose field equations are second
order, and with second-derivative Lagrangians see [75].
Scalar fields φ that are minimally coupled to grav-
ity with a negative kinetic energy, which are known as
“phantom fields”, have been introduced in [76]. The en-
ergy density and pressure of a phantom scalar field are
given by ρφ = −φ˙2/2+V (φ) and pφ = −φ˙2/2−V (φ), re-
spectively. The properties of phantom cosmological mod-
els have been investigated in [77–82].
An alternative to the scalar field dark energy models is
represented by the vector type dark energy models, and
their generalizations, in which dark energy is described
by a vector field minimally coupled to gravity [83–96], a
vector field non-minimally coupled to gravity [97–101],
or by some extended vector field models [102, 103]. The
action for the non-minimally massive vector field coupled
to gravity is given by [97]
S = −
∫
d4x
√−g
[
R
2
+
1
16π
FµνF
µν − 1
2
µ2ΛAµA
µ
+ ωAµA
µR + ηAµAνRµν + Lm
]
, (13)
where Aµ (xν), µ, ν = 0, 1, 2, 3 is the four-potential of the
dark energy, which is allowed to couple non-minimally to
gravity. µΛ denotes the mass of the massive cosmologi-
cal vector field, while ω and η are dimensionless coupling
4parameters. The vector type dark energy field tensor
is defined as Fµν = ∇µAν − ∇νAµ. So called ”super-
conducting” dark energy models, combining vector and
scalar fields in a gauge invariant way, were considered in
[104, 105].
It is the goal of the present paper to reformulate Ein-
stein’s theory of ”elementary particles” as a dark energy
model. More specifically, we assume that the vector field
Sµν in Einstein’s theory represents a vector type dark en-
ergy, and not the standard electromagnetic field. More-
over, the model is extended from the description of the
matter particles to the entire Universe. In order to obtain
the field equation of the model, we adopt a Lagrangian
that is reminiscent of the f(R, T ) theory of gravity [19],
and contains a linear combination of the Ricci scalar and
of the trace of the energy-momentum tensor. Moreover,
we assume that the self-interacting dark energy tensor
field Cµν can be defined in terms of the dark energy mas-
sive vector potential Λµ. A coupling between the matter
current and the dark energy vector potential is also as-
sumed.
The Einstein dark energy model field equations
have the interesting property that the matter energy-
momentum tensor is not conserved. We investigate and
discuss this property from the perspective of the ther-
modynamics of open systems, in which the particle num-
ber is not conserved. Therefore the Einstein dark energy
model may describe particle creation at a fundamental
level. The particle creation rates, the creation pressure,
as well as the entropy and temperature evolutions of the
newly created particles are explicitly obtained with the
use of a covariant formalism.
In order to investigate the cosmological evolution of
the Universe we adopt a specific form of the dark energy
vector potential. The cosmological equations, represent-
ing generalizations of the standard Friedmann equations,
are formulated in a dimensionless form, and the redshift z
is adopted as the independent variable. For the vacuum
case we show that the model admits a de Sitter type
solution. We consider in detail two cosmological mod-
els, the conservative model, in which we impose the con-
servation of the matter energy-momentum tensor, and
the general case, in which no specific assumptions on the
physics of the system are made. In both cases we consider
in detail the redshift evolution of the basic cosmological
parameters (Hubble function, scale factor, deceleration
parameter, matter energy density, and vector field po-
tential, respectively), by using both analytical and nu-
merical techniques. In both models the Universe enters
in an accelerating phase, with the deceleration parame-
ter taking negative values, at z ≈ 0.5. Depending on the
numerical values of the model parameters we can obtain
a large range for the present day (negative) deceleration
parameter.
The present paper is organized as follows. The varia-
tional principle of the Einstein dark energy model is in-
troduced in Section II, and the corresponding field equa-
tions are derived. The thermodynamic interpretation
of the dark energy model in the framework of the ir-
reversible thermodynamics of open systems is discussed
in Section III. The cosmological evolution equations of
the Einstein dark energy model are written down in Sec-
tion IV, and their dimensionless form is also obtained.
The existence of the de Sitter solution is also proven. The
general evolution of the Universe for a specific choice of
the dark energy vector potential is investigated in Sec-
tion V for both the conservative and nonconservative
cases, by using analytical and numerical techniques. It
is shown that in the presence of a self-interacting poten-
tial of the dark energy field the Universe ends in a de
Sitter phase in both conservative and non-conservative
cases. Finally, we discuss and conclude our results in
Section VI.
II. THE EINSTEIN DARK ENERGY MODEL
In the present Section we present the basic gravita-
tional field equations for the Einstein dark energy model,
and derive some of its basic theoretical consequences.
A. The gravitational field equations
We assume that the Universe is filled with a cosmolog-
ical vector field, which is described by a four-potential
Λµ (x
ν), µ, ν = 0, 1, 2, 3. From the dark energy vector
potential, in analogy with electrodynamics, we define the
dark energy field tensor
Cµν = ∇µΛν −∇νΛµ. (14)
The dark energy field tensor identically satisfies the
Maxwell type equations
∇λCµν +∇µCνλ +∇νCλµ = 0. (15)
Furthermore, we assume that the dark energy field
tensor Λµ is coupled to the ordinary matter current
jµ = ρuµ, where ρ is the matter energy-density, and uµ is
the four-velocity of the cosmological flow, satisfying the
normalization condition uµu
µ = −1.
We define the energy-momentum tensor Tµν of the
matter as
Tµν = − 2√−g
∂ (
√−gLm)
∂gµν
, (16)
where Lm is the Lagrangian of the total (ordinary bary-
onic plus dark) matter. For ordinary matter, character-
ized, from a thermodynamic point of view, by its energy
density ρ and thermodynamic pressure p only, the energy
momentum tensor is given by
Tµν = (ρ+ p)uµuν + pgµν . (17)
In the following by T we denote the trace of the matter
energy-momentum tensor.
5Then the Einstein dark energy model can be derived
from the following action
S˜ =
∫ √−gd4x
[
(1− β1) R
2κ2
+
β2
2
T − 1
4
CµνC
µν
− m
2
2
ΛµΛ
µ − V (Λ2)− α
2
jµΛµ + Lm
]
, (18)
where β1, β2, m and α are constants.
The energy-momentum tensor Sµν of the dark energy
field, is constructed, by analogy with classical electrody-
namics, as [106]
Sµν = CµαC
α
ν −
1
4
gµνCαβC
αβ , (19)
with the property Sµµ = 0.
By varying the gravitational action with respect to the
metric tensor gµν it follows that the cosmological evolu-
tion of the Universe in the presence of a vector type dark
energy is described by the generalized Einstein gravita-
tional field equations,
(1− β1)
κ2
Gµν − Sµν −m2
(
ΛµΛν − 1
2
Λ2gµν
)
+
V gµν − 2V ′ΛµΛν − 1
2
α p (uµuν + gµν) u
αΛα
= (1 + β2)Tµν − β2
(
Lm − 1
2
T
)
gµν , (20)
where V ′ = dV/dΛ2. In obtaining the above equation we
have used the variation of T and jαΛα as (for the proof
of these relations see [40] and [102], respectively)
δ(
√−gT ) = −√−g
[
Tαβ +
(
1
2
T − Lm
)
gαβ
]
δgαβ,
(21)
and
δ(
√−gjαΛα)
=
√−g
[
jαδΛα +
1
2
pΛµu
µ (uαuβ + gαβ) δg
αβ
]
,
(22)
respectively. By taking the trace of Eq. (20) we obtain
− (1− β1)
κ2
R+m2Λ2 + 4V − 2V ′Λ2 + 3
2
αpuαΛα
= (3 + β2)T − 4β2Lm. (23)
Substituting T from the above equation into the field
equations (20) one obtains
Rµν + λ¯Rgµν = χTµν + κ¯
2Sµν
+ κ¯2
{(
4λ¯+ 1
)
V gµν +
[
2ΛµΛν −
(
1 + 2λ¯
)
Λ2gµν
]
V ′
}
+ m¯2
(
ΛµΛν + λ¯Λ
2gµν
)− κ¯2
(
1 + 2λ¯
) (
1 + 4λ¯
)
2
(
1 + 3λ¯
) Lmgµν
+
1
4
α¯ p
[
2uµuν −
(
1 + 6λ¯
)
gµν
]
uαΛα, (24)
where we have defined
λ¯ = − 1 + 2β2
2(1 + 3β2)
, χ = (1 + β2)κ¯
2,
m¯2 = m2κ¯2, α¯ = ακ¯2, κ¯2 =
κ2
1− β1 . (25)
By varying the gravitational action with respect to the
vector potential of the dark energy we obtain the equa-
tion
κ¯2∇νCνµ = 1
2
α¯ jµ + m¯2Λµ + 2κ¯2V ′Λµ. (26)
For the divergence of the energy-momentum tensor of the
dark energy (19), with the use of Eqs. (15) and (26) we
immediately obtain,
κ¯2∇µSµν = 1
2
α¯ Cνµj
µ + (m¯2 + 2κ¯2V ′) ΛαCνα. (27)
B. The energy and momentum conservation
equations
By taking the covariant divergence of Eq. (24), with
the use of Eq. (27), we obtain for the divergence of the
matter energy-momentum tensor the equation
χ∇µTµν =
(
λ¯+
1
2
)
∇νR− κ¯2
(
1 + 2λ¯
) (
1 + 4λ¯
)
2(1 + 3λ¯)
∇νρ
−
(
λ¯+
1
2
)(
m¯2 − 2κ¯2(Λ2V ′′ − V ′))∇νΛ2 − 1
2
α¯Cναj
α
− 1
2
α¯Λν∇µjµ − 1
2
α¯ p (uν∇µuµ + uµ∇µuν) uαΛα
− 1
4
α¯
[
2uµuν −
(
1 + 6λ¯
)
gµν
]∇µ (uαΛαp) . (28)
Let us introduce the projection operator hνλ, defined as
hνλ = δ
ν
λ + uλu
ν , (29)
which satisfies the condition uνh
ν
λ = 0. By taking the co-
variant divergence of the matter energy-momentum ten-
sor, as given by Eq. (17), we obtain first
∇µTµν =(∇µρ+∇µp)uµuν + (ρ+ p)∇µuµuν
+ (ρ+ p)uµ∇µuν +∇νp. (30)
Now, multiplying equation (28) with the four-velocity
uν , by taking into account the mathematical identity
uν∇µuν = 0, and using the relation (30), we obtain
the energy balance equation in the Einstein dark energy
model as(
2χ+ α¯Θ
2λ¯+ 1
)[
ρ˙+ 3H(ρ+ p)
]
− κ¯2 1 + 4λ¯
1 + 3λ¯
ρ˙
+
3
2
α¯
d
ds
(p Θ) = −R˙+ [m¯2 − 2κ¯2(Λ2V ′′ − V ′)] d
ds
Λ2,
(31)
6where we have denoted H = (1/3)∇µuµ, Θ = uαΛα, and
the dot represents uµ∇µ = d/ds, where ds is the line ele-
ment corresponding to the metric gµν , ds
2 = gµνdx
µdxν .
By multiplying equation (30) with the projection opera-
tor hνλ and using equation (28), we obtain
uµ∇µuλ = d
2xλ
ds2
+ Γλµνu
µuν = fλ, (32)
where Γλµν are the Christoffel symbols associated to the
metric, and the extra force fλ is defined as
fλ =
hνλ
2χ(p+ ρ)− α¯pΘ{(
2λ¯+ 1
)∇νR− 2χ∇νp− α¯ Cναjα + 3α¯HΛν
− (1 + 2λ¯) [m¯2 − 2κ¯2 (Λ2V ′′ − V ′)]∇νΛ2
− κ¯2
(
1 + 2λ¯
) (
1 + 4λ¯
)
1 + 3λ¯
∇νρ+ α¯
2
(1 + 6λ¯)∇ν (pΘ)
}
.
(33)
Eq. (32) gives the momentum balance equation for a per-
fect fluid in the Einstein dark energy gravitational model.
The motion of massive test particles is non-geodesic, and
it takes place in the presence of a force fλ generated by
the minimal coupling of the Ricci scalar with the trace
of the energy-momentum tensor, and of the vector type
dark energy.
III. THERMODYNAMIC INTERPRETATION
OF THE EINSTEIN DARK ENERGY MODEL
The Einstein dark energy model has the intriguing
property that the energy-momentum tensor of the or-
dinary baryonic matter is not conserved, ∇µTµν 6= 0. A
non-conservative energy-momentum tensor can naturally
be interpreted in the framework of the thermodynamics
of open systems as describing particle creation processes,
as discussed from a theoretical fundamental point of view
in [107–112]. In the present Section we will present the
thermodynamic interpretation of the Einstein dark en-
ergy model as describing irreversible particle creation in
an open thermodynamic system. In the following for the
description of the Universe we adopt a homogeneous and
isotropic cosmological model, with the background ge-
ometry given by the flat Friedmann-Robertson-Walker
(FRW) metric,
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) , (34)
where a(t) is the scale factor. We adopt a comoving co-
ordinate system with uµ = (1, 0, 0, 0). Therefore in the
FRW background geometry we have H = a˙/a, a relation
which defines the Hubble function, and uµ∇µ =˙= d/dt,
respectively. Then Eq. (31) can be rewritten in the equiv-
alent form given by,
d
dt
(
ρa3
)
+ p
d
dt
a3 = −a
3
β
{
3
2
α¯
d
dt
(pΘ) + 3κ¯2ζ(ρ+ p)H
+ R˙−
[
m¯2 − 2κ¯2 (Λ2V ′′ − V ′) ] d
dt
Λ2
}
. (35)
where we have defined
ζ =
1 + 4λ¯
1 + 3λ¯
, β =
2χ+ α¯Θ
1 + 2λ¯
− κ¯2ζ. (36)
A. The matter creation rate and the creation
pressure
We begin our analysis by considering a thermodynamic
system containing N particles in a given volume V = a3.
For such a system the second law of thermodynamics in
its full generality can be formulated as [108]
d
dt
(
ρa3
)
+ p
d
dt
a3 =
dQ
dt
+
h
n
d
dt
(
na3
)
, (37)
where dQ denotes the amount of heat received by the
system during time dt, h = ρ+ p is the enthalpy per unit
volume, and n = N/V is the particle number density.
Note that Eq. (37) represents the most general possible
formulation of the second law of thermodynamics that
explicitly takes into account not only the variation of
energy, due to the heat transfer processes, but also ac-
counts for the energy variations due to the change in the
number of particles, an effect described by the last term
(h/n)d
(
na3
)
.
An important class of thermodynamic transforma-
tions, much used in thermodynamics, are the adiabatic
transformations, defined by the condition dQ = 0. In the
following we will adopt the adiabaticity condition, that is,
we will fully ignore the possible presence of proper heat
transfer mechanisms in the cosmological setting. For adi-
abatic transformations, in an open system the change of
the internal energy is only due to the adiabatic variation
in the number of particles. From a gravitational and cos-
mological perspective, we can interpret the change of the
particle number as being a result of the energy transfer
from the gravitational field to the matter. Hence, the
gravitational creation of matter may represent an impor-
tant and global source of internal energy for the Universe.
In the case of adiabatic transformations, Eq. (37) can be
reformulated in a covariant form as
ρ˙+ 3H(ρ+ p) =
ρ+ p
n
(n˙+ 3Hn) . (38)
A comparison of Eqs. (31) and (38) shows that Eq. (31),
giving the energy balance equation in the Einstein dark
energy model, can be interpreted thermodynamically as
7describing irreversible matter creation in an homoge-
neous and isotropic geometry, with the time variation
of the particle number given by the equation
n˙+ 3Hn = Γn. (39)
In the above equation we have defined the particle cre-
ation rate Γ as
Γ = − 1
βh
[
3
2
α¯
d
dt
(pΘ) + 3 κ¯2ζHh
+ R˙−
(
m¯2 − 2κ¯2(Λ2V ′′ − V ′)
)
d
dt
Λ2
]
. (40)
Hence the energy conservation equation can be written
in the form
ρ˙+ 3Hh = hΓ. (41)
In the case of adiabatic transformations, Eq. (37), de-
scribing irreversible thermodynamic particle creation in
open systems, can be reformulated as an equivalent ef-
fective energy conservation equation, having the general
form
d
dt
(
ρa3
)
+ (p+ pc)
d
dt
a3 = 0, (42)
or, equivalently,
ρ˙+ 3 (ρ+ p+ pc)H = 0. (43)
In the effective energy conservation laws we have intro-
duced the new thermodynamic function pc, called the
creation pressure, and which can be computed from the
following definition [108]
pc = −ρ+ p
n
d
(
na3
)
da3
= −ρ+ p
3nH
(n˙+ 3nH)
= −ρ+ p
3
Γ
H
= −1
3
h
H
Γ. (44)
Note that the creation pressure is proportional to the par-
ticle creation rate Γ. In the Einstein dark energy model,
the creation pressure is determined by the equation
pc =
1
3βH
[
3
2
α¯
d
dt
(pΘ) + 3 κ¯2ζHh
+ R˙−
(
m¯2 − 2κ¯2(Λ2V ′′ − V ′)
)
d
dt
Λ2
]
. (45)
B. Entropy production and temperature evolution
For an arbitrary physical system, its entropy S, whose
variation is governed by the second law of thermodynam-
ics, can be usually decomposed into two terms: the first
one is the entropy change due to the presence of an en-
tropy flow deS, while the second one corresponds to the
entropy diS created within the system. Hence the varia-
tion of the total entropy S of a physical system is given
by the fundamental relation [107, 108]
dS = deS + diS, (46)
with diS always satisfying the condition diS ≥ 0, as im-
posed by the second law of thermodynamics. On the
other hand the entropy flow as well as the entropy pro-
duction term can be estimated from the total differential
dS of the entropy, which is given by [108],
T d (sa3) = d (ρa3)+ pda3 − µd (na3) , (47)
where T is the temperature of the system, s = S/a3 is the
entropy per unit volume, and µ is the chemical potential,
defined by the relation
µn = h− T s. (48)
For adiabatic transformations and for closed systems,
the second law of thermodynamics imposes the condi-
tions dS = 0 and diS = 0. However, in the presence of
matter creation taking place in open thermodynamic sys-
tems, even in the case of adiabatic transformations with
no heat exchange there still is a non-zero contribution to
the entropy. Note that for homogeneous thermodynamic
open systems the condition deS = 0 also must hold. On
the other hand, for open systems, matter creation gives a
significant contribution to the entropy production, with
the time variation of the entropy satisfying the relation
[108]
T diS
dt
= T dS
dt
=
h
n
d
dt
(
na3
)− µ d
dt
(
na3
)
= T s
n
d
dt
(
na3
) ≥ 0, (49)
where we have used the relations given by (37) and (47).
From Eq. (49) we obtain the entropy variation in an open
system due to particle production as
dS
dt
=
S
n
(n˙+ 3Hn) = ΓS ≥ 0. (50)
With the use of Eq. (39), giving the particle number bal-
ance in the Einstein dark energy model, we obtain for the
entropy production rate of the Universe, the equation
1
S
dS
dt
=− 1
βh
[
3
2
α¯
d
dt
(pΘ) + 3 κ¯2ζHh
+ R˙−
(
m¯2 − 2κ¯2(Λ2V ′′ − V ′)
)
d
dt
Λ2
]
. (51)
Another important thermodynamic quantity, the en-
tropy flux vector Sµ, is defined according to [109]
Sµ = nσuµ, (52)
where σ = S/N denotes the entropy per particle, and uµ
is the particle four-velocity. The entropy flux four-vector
8must satisfy the second law of thermodynamics, which
imposes the condition ∇µSµ ≥ 0. On the other hand
the entropy per particle σ must also satisfy the Gibbs
equation [109],
nT dσ = dρ− h
n
dn. (53)
The chemical potential µ can be obtained from Eq. (48)
as
µ =
h
n
− T σ. (54)
By using the definition of the chemical potential µ as
given by Eq. (54), we immediately obtain
∇µSµ = (n˙+ 3nH)σ + nσ˙
=
1
T (n˙+ 3Hn)
(
ρ+ p
n
− µ
)
=
Γ
T (h− µn) .
(55)
In obtaining Eq. (55) we have also taken into account the
relation
nT σ˙ = ρ˙− ρ+ p
n
n˙ = 0, (56)
which follows immediately from Eqs. (50) and (53). With
the use of Eqs. (39) and (40) we obtain for the entropy
production rate, associated to the particle production
processes in the Einstein dark energy model the expres-
sion
∇µSµ = − 1
βT
(
1− µn
ρ+ p
)[
3
2
α¯
d
dt
(pΘ) + 3 κ¯2ζHh
+ R˙−
(
m¯2 − 2κ¯2(Λ2V ′′ − V ′)
)
d
dt
Λ2
]
. (57)
Finally, we consider the general case of a perfect comov-
ing cosmological fluid that can be described by only two
essential thermodynamic parameters, namely, the parti-
cle number density n, and the temperature T . In this
case the energy density ρ and the thermodynamic pres-
sure p can be obtained in terms of n and T with the use
of the equilibrium equations of state,
ρ = ρ (n, T ) , p = p (n, T ) . (58)
Hence the energy conservation equation (41) takes the
form(
∂ρ
∂n
)
T
n˙+
(
∂ρ
∂T
)
n
T˙ + 3H (ρ+ p) = hΓ. (59)
With the use of the general thermodynamic relation [113](
∂ρ
∂n
)
T
=
ρ+ p
n
− T
n
(
∂p
∂T
)
n
, (60)
we obtain the temperature evolution of the newly created
particles as a function of the particle creation rate and
the speed of sound c2s = (∂p/∂ρ)n as
T˙
T =
n˙
n
(
∂p
∂ρ
)
n
= (Γ− 3H) c2s. (61)
Hence in the case of the Einstein dark energy model
for the temperature variation of the cosmological matter
we obtain the relation
T˙
T = −
c2s
βh
{
3
2
α¯
d
dt
(pΘ) + 3κ¯2ζHh+ R˙+ 3βHh
−
[
m¯2 − 2κ¯2 (Λ2V ′′ − V ′) ] d
dt
Λ2
}
. (62)
IV. COSMOLOGICAL DYNAMICS IN THE
EINSTEIN DARK ENERGY MODEL
In the present Section we investigate the cosmologi-
cal implications of the Einstein dark energy model. We
assume that the Universe is isotropic and homogeneous,
and that its large scale geometry is described by the flat
FRW metric (34).
In order to facilitate the comparison with the obser-
vational data we also introduce the deceleration param-
eter q, which is an essential indicator of the accelerat-
ing/decelerating expansion, and is defined as
q =
d
dt
1
H
− 1. (63)
Negative values of q correspond to accelerating evolution,
whereas positive values indicate deceleration. In order to
obtain cosmological results that can be compared easily
with the astronomical observations instead of the time
variable t we introduce as independent variable the red-
shift z, defined as
1 + z =
1
a
, (64)
where we have normalized the scale factor so that its
present day value is one, a(0) = 1. Therefore we obtain
d
dt
=
dz
dt
d
dz
= −(1 + z)H(z) d
dz
. (65)
As a function of the cosmological redshift the deceleration
parameter q can be obtained as
q(z) = (1 + z)
1
H(z)
dH(z)
dz
− 1. (66)
A. Cosmology of the geometry-matter symmetric
Einstein model
The geometry-matter symmetric Einstein theory is de-
scribed by Eqs. (11). For a flat geometry described
9by the FRW metric (34), we have R00 = 3
(
H˙ +H2
)
,
Rii = H˙ + 3H
2, i = 1, 2, 3, and R = 6
(
H˙ + 2H2
)
, re-
spectively. Hence the full set of the cosmological field
equations (11) reduces to a single cosmological evolution
equation, given by
H˙ = −κ
2
2
(ρ+ p) . (67)
By taking the covariant divergence of Eq. (11) gives
1
4
∇νR = κ2
(
∇µT µν −
1
4
∇νT
)
. (68)
In the case of the Friedmann-Robertson-Walker metric
(34), for a Universe filled with an ideal cosmological fluid
we obtain the second cosmological evolution equation of
the geometry-matter symmetric theory as
ρ˙+ 3 (ρ+ p)H = −1
4
(
R˙
κ2
+ T˙
)
, (69)
respectively. With the use of Eq. (67), Eq. (69) can be
immediately integrated to give
ρ =
3
κ2
H2 − 1
4
(
R
κ2
+ T
)
+ ρ0, (70)
where ρ0 is an arbitrary integration constant. When
R/κ2+T = constant, we recover standard general relativ-
ity in the presence of an arbitrary integration constant,
which can be interpreted as the cosmological constant.
The system of Eqs. (67) and (69) has as a unique vacuum
solution with ρ = p = 0 the de Sitter type exponential
solution, with H = H0 = constant, a(t) = a0 exp (H0t),
and R = constant = 12H20 , respectively.
For the case of the power-law expansion of the Uni-
verse, with a = a0 (t/t0)
̟
, ̟ = constant, we have
H = ̟/t. By assuming the equation of state of the form
p = (γ − 1) ρ, with ρ = ρ0/t2, γ ∈ [1, 2], ρ0 = constant,
Eq. (67) is identically satisfied for
̟ =
κ2γρ0
2
. (71)
With the choice ρ0 = 4/(3γ
2κ2), we recover the so-
lutions of the standard general relativity with a(t) =
a0(t/t0)
2/3γ . However, in the geometry-matter symmet-
ric Einstein cosmological model more general power law
solutions are also possible.
Finally, we consider that the scale factor is given by
a(t) = a0 sinh (H0t), where H0 is a constant. For the
linear barotropic equation of state p = (γ − 1) ρ, Eq. (67)
gives
ρ(t) =
2H20
γκ2
1
sinh2 (H0t)
. (72)
The Ricci scalar of this model is given by R(t) =
6H20 cosh (2H0t) csch
2 (H0t). The energy density is sin-
gular at t = 0, and in the large time limit it ends in a
vacuum state, after a transition to an accelerating, de
Sitter type phase.
B. Cosmological evolution equations of the vector
Einstein dark energy model
In the following we will investigate the cosmology of the
Einstein dark energy model in the presence of a vector
field. From the homogeneity and isotropy of the Universe
it follows that the dark energy vector field Λµ can have
only a time component, which should be a function of
the cosmic time t only, so that
Λµ = Λµ(t) = (−Λ0(t), 0, 0, 0) . (73)
The (00) and (ii) components of the Einstein field equa-
tion (24) gives the cosmological evolution equations as
12 (1 + 4λ¯)H2 + 12(1 + 2λ¯)H˙ − 3α¯(1 + 2λ¯)Λ0 p
+ 4
[
(1 + λ¯)m¯2 + κ¯2(1 − 2λ¯)V ′]Λ20 − 4κ¯2(1 + 4λ¯)V
+ 2
[
2χ− κ¯2ζ(1 + 2λ¯)] ρ = 0, (74)
12 (1 + 4λ¯)H2 + 4(1 + 6λ¯)H˙ − α¯(1 + 6λ¯)Λ0 p
+ 4
[
λ¯m¯2 − κ¯2(1 + 2λ¯)V ′]Λ20 − 4κ¯2(1 + 4λ¯)V
− 2κ¯2ζ(1 + 2λ¯) ρ− 4χ p = 0, (75)
and the vector field equation of motion (26) will be re-
duced to (
m¯2 + 2κ¯2V ′
)
Λ0 = −1
2
α¯ ρ. (76)
The temporal component of the conservation equation
(27) reads[
2κ¯2ζ(1 + 2λ¯)− 4χ] ρ˙− 2α¯Λ0ρ˙
+ 3α¯(1 + 2λ¯)(p˙Λ0 + pΛ˙0)− 12χ(ρ+ p)H
− 4(1 + 2λ¯)Λ0Λ˙0
[
2κ¯2V ′′Λ20 + m¯
2 + 2κ¯2V ′
]
− 6α¯Λ0(ρ− p)H − 12(1 + 2λ¯)(4HH˙ + H¨) = 0. (77)
After substituting V ′ from Eq. (76) into Eqs. (74) and
(75), respectively, we can solve them algebraically to ob-
tain H2 and H˙ as
H2 =
[−α¯ (1 + 3λ¯)Λ0 + κ¯2 (1 + 2λ¯)] ρ
6
(
1 + 3λ¯
) +
χ
[(
1 + 6λ¯
)
ρ+ 3
(
1 + 2λ¯
)
p
]
6
(
1 + 4λ¯
) + 2κ¯2V − Λ20m¯2
6
,
(78)
and
H˙ = −1
4
(2χ− α¯Λ0) (ρ+ p) , (79)
respectively. Eqs. (78) and (79) represents the gener-
alization of the standard Friedmann equations for the
Einstein dark energy model. In the standard general rel-
ativistic limit with β1 = β2 = α = m = V = 0, and in the
absence of the vector field Cµν , we have λ¯ = −1/2, and
Eqs. (78) and (79) reduce to the general relativistic Fried-
mann equations 3H2 = ρ, and H˙ = − (κ2/2) (ρ+ p),
respectively.
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C. The de Sitter solution
As a first example of the cosmological evolution in the
Einstein dark energy model we consider the case of the
vacuum Universe, with ρ = p = 0. In this case Eq. (76)
can be immediately integrated to give for the dark energy
self-interaction potential the expression
V
(
Λ20
)
= V0 +
m¯2
2κ¯2
Λ20, (80)
where V0 is an arbitrary integration constant. The first
term in the above equation is the cosmological constant,
while the second term cancels the mass term in the ac-
tion. Hence, the cosmological evolution of the Universe
is independent on the time component Λ0 of the vector
dark energy field.
Moreover, we assume that in this vacuum phase the
Hubble function is becoming a constant, so that H =
H0 = constant. Then the energy conservation Eq. (77)
is identically satisfied, while Eqs. (74) and (75) reduce to
a single algebraic equation, given by(
1 + 4λ¯
) (
3H20 − κ¯2V0
)
= 0, (81)
which immediately gives
H0 =
√
κ¯2V0
3
. (82)
Therefore the Einstein dark energy model does admits
a de Sitter type vacuum exponentially expanding solu-
tion.
D. Dimensionless form of the cosmological
evolution equations
In order to simplify the mathematical formal-
ism we introduce a set of dimensionless variables
(τ, h, r, P, v, λ0, ξ), defined as
τ = H0t, H = H0h, ρ =
3H20
κ¯2
r, p =
3H20
κ¯2
P,
V =
H20
2κ¯2
v, Λ0 = H0λ0, α¯ = κ¯
2H−10 ξ, (83)
where H0 is the present day value of the Hubble function.
Hence the cosmological field equations of the Einstein
dark energy model can be formulated in a dimensionless
form as
h2 =
[−ξ (1 + 3λ¯)λ0 + (1 + 2λ¯)] r
2
(
1 + 3λ¯
) +
[(
1 + 6λ¯
)
r + 3
(
1 + 2λ¯
)
P
]
4
(
1 + 3λ¯
) + v − λ20m¯2
6
,
(84)
dh
dτ
= −3
4
[ζ − ξλ0] (r + P ) , (85)
4λ¯ζ
dr
dτ
− 2ξλ0 dr
dτ
+ 3ξ(1 + 2λ¯)
d
dτ
(Pλ0)
− 6ζ(r + P )h− 4
3
(1 + 2λ¯)λ0
dλ0
dτ
(
λ20v
′′ + v′ + m¯2
)
− 6ξλ0(r − P )h− 4(1 + 2λ¯)
(
4h
dh
dτ
+
d2h
dτ2
)
= 0, (86)
3
2
ξr = −λ0
(
v′ + m¯2
)
, (87)
and
P = P (r), (88)
where we have defined v′ = dv/d(λµλ
µ) and v′′ =
d2v/d(λµλ
µ)2. The system of equations (84)-(88) must
be integrated with the initial conditions h (τpres) = 1,
r (τpres) = 1, and λ0 (τpres) = λ
(0)
0 , respectively, where
τpres is the present age of the Universe.
For the sake of comparison we also consider the behav-
ior of the cosmological parameters in the standard ΛCDM
model. By assuming that the Universe is filled with dust
matter only, with negligible pressure, the energy conser-
vation equation ρ˙ + 3Hρ = 0 gives for the variation of
matter density the expression ρ ∼ 1/a3 ∼ (1 + z)3. The
evolution of the Hubble function is given by [63]
H = H0
√
(ΩDM +Ωb) a−3 +ΩΛ, (89)
where ΩDM , Ωb and ΩΛ are the density parameters of the
cold dark matter, baryonic matter, and dark energy (a
cosmological constant), respectively, satisfying the con-
straint ΩDM +Ωb+ΩΛ = 1. As a function of the redshift
the Hubble function can be written in a dimensionless
form as
h(z) =
√
(ΩDM +Ωb) (1 + z)
3 +ΩΛ. (90)
For the redshift dependence of the deceleration param-
eter we find
q(z) =
3(1 + z)3 (ΩDM +Ωb)
2 [ΩΛ + (1 + z)3 (ΩDM +Ωb)]
− 1. (91)
In the following for the density parameters we adopt the
values ΩDM = 0.2589, Ωb = 0.0486, and ΩΛ = 0.6911
[63], giving for the total matter density parameter the
value Ωm = ΩDM + Ωb the value Ωm = 0.3089. With
the use of these numerical values of the cosmological
parameters we obtain the present day value of the de-
celeration parameter as q(0) = −0.5381. On the other
hand for the variation of the dimensionless matter den-
sity with respect to the redshift we obtain the expression
r(z) = Ωm(1 + z)
3 = 0.3089(1 + z)3.
V. GENERAL COSMOLOGICAL EVOLUTION
OF THE UNIVERSE
In the present Section we consider the general cosmo-
logical dynamics of the Universe in the Einstein dark en-
ergy model. We will investigate two types of model, cor-
responding to the conservative evolution of the Universe,
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in which the energy density of the matter satisfies the
usual conservation equation, as well as the general case
in which the matter energy-momentum tensor is not con-
served.
A. The cosmological evolution of the conservative
Einstein dark energy model
In the following we analyze the case of the conservative
Einstein dark energy models. Hence we assume that the
total matter energy density in the Universe is conserved,
and therefore ρ satisfies the conservation equation
ρ˙+ 3H(ρ+ p) = 0. (92)
With the use of the condition of the matter conservation,
and by substituting H¨ as obtained from Eq. (79), Eq. (77)
gives for the time evolution of the time component of the
Einstein vector field the equation
dΛ0
dt
= − 3H(
1 + 2λ¯
) (
1 + 3λ¯
)
(8κ¯2Λ30V
′′ + α¯ρ)
×
{(
1 + 2λ¯
)
ρ
[
2κ¯2
(
1 + 4λ¯
)
+
(
1 + 3λ¯
)
α¯Λ0
]
+ p
[
2κ¯2(1 + 2λ¯)(1 + 4λ¯)− (3− 2λ¯)(1 + 3λ¯)α¯Λ0
]}
+
6χ [H(p+ ρ) + p˙]
8κ¯2Λ30V
′′ + α¯ρ
. (93)
Since the constant β1 just changes the magnitude of
the gravitational coupling constant, which is tightly con-
strained by experiment, we will take it as zero, β1 = 0,
so that
κ¯2 = κ2. (94)
Then in the dimensionless variables introduced in
Eq. (83) the basic equations describing the cosmological
evolution of the conservative Einstein dark energy model
take the form
dh
dτ
= −3
4
(ζ − ξλ0) (r + P ) , (95)
dλ0
dτ
=
9ζ
[
h(P + r) + dPdτ
]
4λ30v
′′ + 3ξr
− 9h
4λ30v
′′ + 3ξr
([
2ζ + ξλ0
]
r +
[
2ζ − 14− 11ζ
2− ζ ξλ0
]
P
)
,
(96)
(
m¯2 + v′
)
λ0 = −3
2
ξ r, (97)
dr
dτ
+ 3h (r + P ) = 0. (98)
In the following we will assume that the matter content
of the Universe satisfies the linear barotropic equation of
state
p = (γ − 1) ρ, (99)
where 1 ≤ γ ≤ 2 is a constant.
1. The self-interaction potential of the vector field in the
conservative Einstein dark energy model
By differentiating equation (97) and using the conser-
vation equation (98), one can obtain
dλ0
dτ
=
9 ξ h (r + P )
2(m¯2 + v′ − 2λ20v′′)
. (100)
Now, equating equations (96) and (100), one can obtain
a differential equation for v(λ20) as(
γ(3γ − 2)(ζ − 2)ζ − λ0
[
16− 14γ + (11γ − 12)ζ]ξ
λ0(ζ − 2) ξ
+ γ
)(
m¯2 + v′
)
= 0, (101)
where we have used equations (97) and (99) to eliminate
P and r in favor of λ0. There are two possibilities for
the above equation to be satisfied, corresponding to the
vanishing of each parenthesis independently, as well as to
their simultaneous cancellation. The second parenthesis
gives
v = v0 + m¯
2λ20. (102)
The first term is the cosmological constant, which will
produce the accelerating expansion for the universe. The
second term will cancel the mass term in the action. Once
the condition m¯2 + v′ = 0 is satisfied, we immediately
obtain r = P = 0, and Eq. (100) gives λ0 = constant.
Then from Eq. (95) have h = constant, and therefore
we have reobtained the de Sitter type solution of the
Einstein dark energy model. The cancellation of the first
parentheses gives for λ0 the expression
λ0 = constant, (103)
leading again, via Eqs. (100) and (95) to r = P = 0 and
h = constant, respectively.
Therefore, as a conclusion of this analysis we can state
that the Einstein dark energy model does not have con-
servative non-vacuum solutions.
B. The non-conservative cosmological evolution in
the Einstein dark energy model
Next we consider the evolution of the Universe in
the non-conservative version of the Einstein dark energy
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model. We assume again that the matter content of the
Universe satisfies the linear barotropic equation of state
(99). The matter energy density is obtained from (87) as
r (λ0) = − 2
3ξ
λ0
(
v′ + m¯2
)
, (104)
giving
dr
dτ
= − 2
3ξ
(−2λ20v′′ + v′ + m¯2) dλ0dτ . (105)
With the use of the linear barotropic equation of state
Eq. (85) becomes
dh
dτ
=
γ
2ξ
[ζ − ξλ0]λ0
(
v′ + m¯2
)
, (106)
while Eq. (84) takes the form
h2 =
[
−1
2
ξλ0 + ζ − 1− 3γ
4
(ζ − 2)
]
r +
v − λ20m¯2
6
.
(107)
By taking the derivative with respect to τ of the above
equation, and substituting dr/dτ and dh/dτ as given by
Eqs. (105) and (106), respectively, we obtain the time
evolution equation of λ0 as
dλ0
dτ
=
−3γ (ζ − ξλ0) λ0
(
v′ + m¯2
)
h
2
[
ζ − ξλ02 − 1− 3γ4 (ζ − 2)
]
(m¯2 + v′ − 2λ20v′′)
.
(108)
The system of ordinary coupled differential equations
(106) and (108) gives the general cosmological evolution
of the Universe in the Einstein dark energy model. In or-
der to simplify the field equations we rescale the potential
λ0 by introducing a new variable θ defined as θ = ξλ0.
In order to close the system of field equations we need
to fix the functional form of the self-interaction potential
of the vector dark energy field, which we assume to be
v
(
ξ2λ20
)
= v0 + ν
(
ξ2λ20
)2
, (109)
where v0 ≥ 0 and ν ≥ 0 are constants. Then we imme-
diately obtain v′ = −2νξ2 (ξ2λ20), and v′′ (λ20) = 2νξ4,
respectively.
Hence Eqs. (106) and (108) can be written as
(1 + z)h
dh
dz
= νγθ (ζ − θ)
(
θ2 − k˜2
)
, (110)
and
(1 + z)
dθ
dz
=
3γθ (ζ − θ)
(
θ2 − k˜2
)
−3θ3 + 3ωθ2 + k˜2θ − ωk˜2 , (111)
where we have denoted
k˜2 =
m¯2
2νξ2
, ω = 2
[
ζ − 1− 3γ
4
(ζ − 2)
]
. (112)
With this choice of the potential for the matter energy
density we find
r =
4ν
3
θ
(
θ2 − k˜2
)
. (113)
In the following we assume that the parameter ζ can
take only positive values, so that ζ > 0. The solution of
the differential equation (111) can be obtained as
(1 + z)3γ = C1θ
ω
ζ |θ − k˜|
k˜−ω
k˜−ζ |θ + k˜|
k˜+ω
k˜+ζ |θ − ζ|
(k˜2−3ζ2)(ζ−ω)
ζ(k˜2−ζ2) ,
(114)
where C1 is an arbitrary integration constant that can
be obtained by taking z = 0 and θ (0) = θ0, where θ0 is
the present day value of θ.
For values of θ so that θ ≫ k˜ and θ ≫ ζ, we obtain
(1 + z)3γ ≈ C1θ3, (115)
and hence we immediately find
θ ≈ θ0(1 + z)γ . (116)
In this limit the matter energy density can be approxi-
mated as
r ∝ θ3 ∝ (1 + z)3γ ,
an equation similar to the energy density-redshift rela-
tion in the standard general relativistic cosmology. On
the other hand, in the first order approximation, for the
Hubble function, given by
h(θ) =
√
ν
6
√
4θ(ω − θ)
(
θ2 − k˜2
)
+
(v0
ν
− 2k˜2θ2 + θ4
)
,
(117)
we obtain
h(θ) ≈
√
v0
6
− ωνk˜2
√
2
3v0
θ +O
(
θ2
)
, (118)
or, in terms of the redshift,
h(z) ≈
√
v0
6
− ωνk˜2
√
2
3v0
θ0(1 + z)
γ . (119)
For the deceleration parameter we obtain
q(z) ≈ −1− 2γθ0k˜
2 ω ν (z + 1)γ
v0 − 2θ0k˜2 ω ν (z + 1)γ
.
Near z = 0, the deceleration parameter behaves as
q(z) ≈ −1− 2γθ0k˜
2 ω ν
v0 − 2θ0k˜2 ω ν
− 2γ
2θ0k˜
2 ω ν
(v0 − 2θ0k˜2 ω ν)2
z +O
(
z2
)
. (120)
At z = 0 we obtain
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q(0) ≈ −1− 2γθ0k˜
2 ω ν
v0 − 2θ0k˜2 ω ν
(121)
If the parameters of the model are chosen so that the
second term in the above equation can be neglected with
respect to minus one, the Universe filled with an Einstein
type dark energy will reach at the present time a de Sitter
type phase.
The variations with respect of the redshift of the Hub-
ble function, of the dark energy vector potential θ, of the
matter energy density and of the deceleration parame-
ter of the Universe, obtained by numerically integrating
the cosmological evolution equations (110) and (111) for
the case of dust, are presented, for different values of the
model parameter, in Figs. 1 and 2, respectively.
As one can see from the left panel of Fig. 1, the Hub-
ble function is an increasing function of the redshift (a
decreasing function of the cosmological time), indicating
an expansionary evolution of the Universe filled with Ein-
stein type dark energy. The evolution of the Hubble func-
tion is strongly dependent on the numerical values of the
parameter ζ, and small variations of this parameter can
induce important modifications in the overall expansion
rate of the Universe. In the redshift range z ∈ (0, 0.2)
the Hubble function becomes a constant, indicating the
presence of a de Sitter type evolution, which is indepen-
dent on the numerical values of the model parameters.
The vector field potential θ, depicted in the right panel
of Fig. 1, is also an increasing function of the redshift z,
indicating a time decreasing evolution of the vector field.
The dynamics of θ is strongly dependent by the consid-
ered variations of the model parameters, and this depen-
dence is particularly important at high redshifts. The di-
mensionless matter energy density, represented in the left
panel of Fig. 2, is a monotonically increasing function of
the redshift, and its evolution at high redshifts is strongly
dependent on the numerical values of the model parame-
ter ζ. But for redshift values in the range z ∈ (0, 0.2), the
variation of r is basically independent of the variation of
ζ. In this model the energy density of the Universe is gen-
erally non-zero at the present time, r(0) 6= 0, indicating
the possibility of an accelerated evolution in the presence
of (very low density) dust matter. The deceleration pa-
rameter q, plotted in the right panel of Fig. 2, shows a
complex behavior. The evolution of the Universe begins
at a redshift z = 3 from a decelerating state, with q ≈ 2.
The numerical values of q decrease in time, and the de-
celeration parameter reaches its marginally accelerating
value q = 0 at around z = zcr ≈ 0.65−0.80. For values of
z < zcr the Universe enters in an accelerating phase with
q < 0, and reaches a state with q ≈ −1 at the present
time. At high redshifts the evolution of q is dependent
on the numerical values of the model parameter ζ. In the
redshift range z ∈ (0, 0.10) the evolution of q does not de-
pend essentially on the model parameters. Moreover, the
de Sitter type phase, with q ≈ −1, reached at z = 0, is
an attractor of the gravitational field equations- no mat-
ter the initial conditions of the expansion, the Universe
always ends in a state with an exponentially increasing
scale factor.
It is also interesting to perform a comparison, at a qual-
itative level, between the evolution of the Einstein dark
energy dominated Universe, and the standard ΛCDM
model. The basic difference between the two models is
related to the fact that, as one can see from the right
panel in Fig. 2, in the Einstein dark energy model at the
present time the Universe enters in the exact de Sitter
phase, with q = −1, while in the ΛCDM model at the
present time q = −0.53. This means that in the pres-
ence of the Einstein type vector dark energy the Universe
accelerates more rapidly, with the de Sitter phase with
q ≈ −1 already reached at z ≈ 0.20. On the other hand,
at least for the considered set of model parameters, the
predictions for the numerical values of the deceleration
parameter are very different. While the ΛCDM model
gives a value of q ≈ 0.1 at z = 3, in the present dark en-
ergy model the deceleration parameter has values of the
order of q ≈ 2 at z = 3. However, this value is strongly
dependent on the choice of the model parameters ν, k˜,
and ζ, and on the initial value/present day value of the
vector field θ. Both models predict the presence of cos-
mological matter at z = 0. However, due to the much
earlier presence of the de Sitter phase, the matter content
of the Universe in the Einstein dark energy model is much
more diluted than in the standard ΛCDM model. The
evolution of the Hubble function in the ΛCDM model is
different from its evolution in the Einstein dark energy
model at both low and high redshifts. At z = 0 it is
not yet a constant, and at high redshifts it has numeri-
cal values around two times smaller as compared to the
predictions of the Einstein dark energy model.
VI. DISCUSSIONS AND FINAL REMARKS
In 1919 Einstein proposed an intriguing theory accord-
ing to which the gravitational interaction plays an essen-
tial role at the level of elementary particles. The basic
assumption in Einstein’s theory is that material particles
are held together by the gravitational force, which such
compensates for the presence of the electromagnetic in-
teractions. There are two major results in Einstein’s pa-
per: an explanation of the nature of the cosmological
constant, which naturally appears as a ”simple” arbi-
trary integration constant, and, more intriguingly, that
the energy balance of material bodies must consist of
25% gravitational (matter) energy, and 75% of electro-
magnetic type energy.
We believe that the interest for this model may go be-
yond its historical importance, the possible explanation
of the matter-energy composition of the Universe, and of
the possibility of solving (at least partially) the cosmolog-
ical constant problem. The Einstein model is also very in-
teresting, and important, from a general theoretical point
of view, since for the first time it did suggest that matter
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FIG. 1: Variation of the dimensionless Hubble function h (left figure) and of the dimensionless vector potential θ of the dark
energy (right figure) as a function of the redshift z in the Einstein dark energy model for γ = 1, k˜ = 0.85, ν = 0.50, and for
different values of the parameter ζ: ζ = 10 (solid curve), ζ = 11 (dotted curve), ζ = 12 (short dashed curve), ζ = 13 (dashed
curve), and ζ = 14 (long dashed curve), respectively. The initial conditions used to integrate the field equations (110) and
(111) are h(0) = 1 and θ(0) = 0.86. The red curve in the right figure represents the redshift variation of the dimensionless
Hubble function in the standard ΛCDM cosmological model.
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FIG. 2: Variation of the dimensionless matter energy density r (left figure) and of the deceleration parameter q of the dark
energy (right figure) as a function of the redshift z in the Einstein dark energy model for γ = 1, k˜ = 0.85, ν = 0.5, and for
different values of the parameter ζ: ζ = 10 (solid curve), ζ = 11 (dotted curve), ζ = 12 (short dashed curve), ζ = 13 (dashed
curve), and ζ = 14 (long dashed curve), respectively. The initial conditions used to integrate the field equations (110) and
(111) are h(0) = 1 and θ(0) = 0.86. The red curves in the figures represent the redshift variation of the dimensionless matter
energy density and of the deceleration parameter in the standard ΛCDM cosmological model.
may play a more important role in the framework of grav-
itational theories as compared to standard general rela-
tivity. In the Einstein geometry-matter symmetric field
equations matter appears in a mathematically equiva-
lent form with geometry. Hence in this sense Einstein’s
1919’s theory is a precursor of the present day f(R, T )
gravity theories [19]. On the other hand Einstein’s the-
ory also represents a drastic departure from the stan-
dard, and (almost) universally accepted, assumption of
the conservation of the matter energy-momentum tensor.
Particle creation is also a characteristic feature of quan-
tum field theory in curved space-times [114], and thus
one may interpret non-conservative gravitational mod-
els as a first order approximation to quantum gravity
phenomenology. The introduction of a coupling between
the quantum fields and the curvature of the space-time,
as proposed, for example, in [115], leads, in the semi-
classical approximation, to the non-conservation of the
quantum average of the matter energy-momentum ten-
sor operator, so that ∇µ
〈
Tˆ µν
〉
6= 0. Thus, theoretical
field gravitational models that describe effective particle
creation processes can be interpreted as giving a descrip-
tion at an effective semiclassical level of the quantum
processes in a gravitational field. Therefore a possible
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physical explanation of the matter production processes
in the Einstein dark energy model may be traced back
to the semiclassical approximation of the quantum field
theory in a Riemannian curved geometry. On the other
hand, if the quantum metric can be decomposed as the
sum of the classical and of a fluctuating part, of quantum
origin, at the classical level the corresponding Einstein
quantum gravitational field equations lead to modified
gravity models with a nonminimal coupling between ge-
ometry and matter [116], indicating an irreversible trans-
formation of the quantum energy flow of the gravitational
field into a matter fluid. Hence Einstein’s ”theory of el-
ementary particles” may provide some insights into the
possibility of the effective description of gravity at quan-
tum level, where the strict distinction between matter
and geometry may not exist anymore.
In the present paper we have extended Einstein’s ele-
mentary particle model to the scale of the biggest possible
particle, the Universe. We have substituted the ”simple”
electromagnetic force by a vector type dark energy, and
we have generalized the Einstein model by assuming that
the vector dark energy is massive, has self-interaction,
described by a corresponding potential, and couples with
the matter current. Under these assumptions we have
formulated the variational principle from which the field
equations of the Einstein dark energy model can be ob-
tained. The Einstein field equations from 1919 [2] can
also be obtained as a limiting case from this variational
principle. The initial Einstein theory is non-conservative,
and this feature was automatically transferred to its gen-
eralization. Non-conservation of matter can be described
naturally in the framework of the thermodynamics of
open systems as describing matter and entropy creation
through the transfer of gravitational energy.
In the present paper we have also investigated in detail
the cosmological properties of the Einstein cosmological
models. The vector field self-interaction potential was as-
sumed to be of a simple polynomial form, constructed by
analogy with the Higgs potential [117], which plays a fun-
damental role in theoretical particle physics as describing
the generation of mass of the quantum elementary parti-
cles.
In the framework of the Einstein dark energy model
we have investigated two cosmological evolution sce-
narios, corresponding to matter conservation, and non-
conservation, respectively. In the non-conservative case,
in the large time (small redshift) limit, the Universe en-
ters in an accelerating stage, with the exponential de Sit-
ter solution acting as an attractor for these cosmological
models. The deceleration parameter reaches the marginal
q = 0 value at a redshift of the order of z ≈ 0.65− 0.80.
However, the time evolution of the deceleration parame-
ter strongly depends on the numerical values of the model
parameters, describing the mass of the dark energy field,
the coupling between dark energy and matter current,
and of the functional form of the self-interaction poten-
tial V . In order to obtain a better understanding on the
numerical values of these parameters the fitting of the
model with the cosmological observational data should
be performed. This in depth comparison of the theo-
retical predictions with the observational data can give
the answer to the question if Einstein did really predict
almost 100 years ago the correct ”chemical and energy
composition” of the Universe.
Hopefully the Einstein dark energy model introduced
in the present paper could give some new insights into
the complex problem of the evolutionary dynamics, com-
position and structure of the Universe, from its birth to
the latest stages of evolution.
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